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GRADING OF METALLIC STARTING RESISTORS 
FOR ELECTRIC MOTORS — WITH EXAMPLES 


By E. W. Brass 


General Introduction. 


The grading of starting resistors for electric motors is a subject 
which does not receive very extensive treatment in the normal 
text book. Furthermore, information is usually very scattered 
on the various types with the result that more than one source 
must be consulted before adequate information can be accumulated. 
It is hoped, therefore, that this article will provide an easy and 
concise means of reference. 

Section 1 (a) will deal with some fundamental properties of 
D.C. motors. Starting resistors for three types of D.C. motors 
will be considered, viz., Shunt, Series and Compound ; these will 
be developed in sections 1 (5), 1 (c) respectively. 

Section 2 will be devoted to the A.C. Slipring motor. This 
section will consist of :— 


2 (a) Balanced Rotor Current Starting. 

2(b) Shp Regulators. 

2(c) Unbalanced Rotor Current Starting. 

Section 3 deals with Primary resistor starters for the A.C. 
Squirrel Cage motor, although these are only infrequently used. 


Necessity For a Starting Resistor. 

The aim of a Starting Resistor is to apply the line voltage 
gradually to a motor. In its ideal state, the resistor would be 
cut out smoothly, a condition which can be assimilated by a liquid 
resistor, but is not practical with a solid one. Sufficient steps are 
therefore included in a solid resistor to keep the instantaneous 
peak currents and torques within reasonable limits. 


SECTION 1— D.C. MOTORS. 
1 (a) Fundamental Properties, 

Resistor grading problems depend for their solution on a 
knowledge of the two following fundamental properties of D.C. 
motors. 

(1) The back e.m.f. generated by a motor is proportional to 

the product of the flux and the speed. 

(2) The torque exerted by the motor armature is proportional 

to the product of the flux and the armature current. 

From (1 ) it follows that, for any given value of the speed, the 
back e.m.t. is proportional to the flux and vice versa. From 
(1) and (2) it follows that, for any given value of speed. the torque 
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is proportional to the product of the back canda and the armature 
current, since the back cmt is proportional to the flux. In 
resistor design calculations we are not usually concerned with 
absolute values of the back e.m.f. flux, torque and speed, but 
rather with relative values expressed in terms of the values which 
obtain under normal full load conditions. The above two principles, 
together with the deductions there from, enable relative values of 
these quantities to be readily calculated. In some resistor grading 
problems a knowledge of the magnetization curve is necessary. 


Starting Torque and Acceleration. 


The value of the starting torque required from a motor will depend 
uponits duty. To start against a torque equal to that on full load, the 
motor must develop more than full load torque in order to accelerate 
the armature and the connected load. The starting torque may 
vary, according to duty, from about 50% to as much as 200% or 
more. From the fundamental properties of D.C. motors, it is 
evident that in the case of the constant flux machine (shunt motor) 
the armature current is a direct measure of the torque. In the 
particular case of a machine starting up against full load torque, 
the starting current will be about 125%, to 150% of full load 
current. The initial resistance of the armature circuit is determined 
by the starting conditions. Thus, if 


V = Voltage of the supply. 

I = Starting current. 

R, = Resistance of armature circuit. 

Then Ry = VIL 

It should be borne in mind, however, that this resistance includes 
the motor armature, brushes, interpoles, etc., and the series field 
in the case of the series or compound motor. As the motor speeds 
up, back e.m.f. is generated, the current falls and with it the 
developed torque. If the resistance of the armature circuit 
remained at R,, stable conditions of speed would soon obtain 
when the current had fallen to a value such that the torque 
developed balanced that opposing. With the large external 
resistance necessary to limit the starting current, this steady 
speed would be low. It therefore becomes necessary to reduce 
the external resistance in the armature circuit, step by step, until 
the full supply voltage is applied to the armature. A tapped 
resistor fulfils this requirement, but it must be so graded that 
"Notching Up” can take place without abnormal current surges. 


SECTION 1 (b)—D.C. SHUNT MOTOR. 


When the armature of a D.C. motor is rotating, with the 
field excited, an e.m.f. is induced in it. The applied voltage is 
balanced by two components, namely the volts drop in the 
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armature circuit and the induced e.m.f. This latter is termed 
the “back e.m.f.” This is shown diagrammatically in Fig. 1 (a). 
The back e.m.f. is proportional to the product of the flux and 
speed, and the volts drop in the armature circuit is proportional 
to the product of the current in and the resistance of the armature 
circuit. 

Let V Line volts. 
E, E, E, etc. = Back e.m.f. when resistance Ry, Rg, Rs, etc., 
is in circuit. 

Lower value of armature current at which 
notching up is assumed to take place 
(usually the full load current of the motor). 

Ip, Ip; Ipp etc. = Peak current when resistance is reduced to 

Rs, Rg, Ry, etc. 


I. 


lI 


T — [nitial current on 1st notch. 

R, — Total initial resistance of the armature 
circuit. 

n — Resistance of motor only (sec appendix). 


The current/time diagram relating to the currents in the above 
nomenclature is shown in Fig. 1 (b). 


When the armature is rotating at a steady speed 
V=E,+I, R, (1:1) 
If the resistance of the armature circuit is now suddenly 
reduced to R,, the motor speed remains unaltered for a brief 
instant; with constant field flux, the back e.m.f. will remain at 
its original value E,. The armature current will however rise, 
momentarily, to Iy, whence :— 


V = E +I R, (1-2) 
— 
From (11) L = yey 
R, 
Ri R2, &à. o Tn? "m4. "m. 


Fig. 1.—D.C. shunt motor with external armature resistance. 
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ips 


Current. 


Fig. 1 (b).—Current/Time Diagram. 


_ V-E, 
? RS 


T 
Ing V-E,, R  R, TET 
I, R, V—E, R, 


and the ratio 


This peak current occurs every time the external resistance in 
the armature circuit is reduced. It is usually of short duration 
and decreases to the value I, when the motor has attained a steady 
speed. It is evident from (1:3) that the value of the peak current 


is influenced by the ratio Ea . In order to preserve the well- 


9 


being of the control apparatus and motor, these peak currents 


must be restricted, and thus the ratio B should not exceed a 
certain value. When the motor has reached a steady speed with 
the resistance of the armature circuit now R,, the back e.m.f. will 
rise to E,, so that 

V =E, +R,I, (1-4) 


If now the resistance of the armature circuit be further reduced 
to R, the back e.m.f. will remain momentarily at E,, whence :— 
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k ¿j (1-5 
From (14) IL. = — 
WE L. = -> 
and the ratio s = MC Ee (1-6) 
If Ipo = Ip i.c., equal peak currents, it follows that = = 


It is a usual criteria for starting resistors that all the peak 
currents should be the same, and successive application of the 
above will yield : 


P. NE i cg cor IE (1-7) 
R 2 R 2 R 1 Tm-1 Tm I 
The series have a common ratio K and are thus in Geometric 
Progression (G.P.). If there are n+1 positions on the starting 
resistor, there will be 7 sections and since 
Peak currents R; R, R, fuii 
Te R, Ra R, fm 
Then Koa Ba. x R, x R, i di x d 
R, R, R, Ym-1 Ym 
I R 
whence K’ = — 
Tm 
a| = == 
n Ym ( 8) 


The value of R, 1s determined by the initial starting conditions. 
Thus, if the starting current, w hen the armature of the motor is 
stationary, is I 


R, = (1-9) 


The use of the derived eq. (1.8) will be illustrated by some 
examples. The computed values are to slide-rule accuracy only. 
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Example 1. 


A starting resistor having five sections is required for a 40 H.P. 
440 volt shunt motor. The efficiency of the motor is 90% and 
full load current is to be passed on the Ist notch. Take 7, = 0:05 x 
V/full load current. Assume I;=full load current. 


= 40 x 74 e 

Full load current = a = 753 amps 
0-05 x V 

Im = D —0-293 ohms 
V 440 

R, = = =5-85 3 

l r 753 5:85 ohms 
and Br c V un 


tm Ia 005V — 


From equation (1:8) K = JR. 54/20 = 1:82 
Tm 


Whence 


V 440 Sectional Resistance 
— === s, =5:85 ohms 
I 75:3 7, =2:63 ohms 

R, =R, +K =5-85 ~+1-82=3-22 ohms 

y =1:45 ohms 

R,=R,+K=3-2 182-177 ohms 

7, =0-798 ohms 

R,-R,—K-177 +1-82=0-972 ohms 

r, =0-438 ohms 

R; =R, =K =0-972—1-82 =0-534 ohms 
r, =0-:241 ohms 


’m =R; +K =0-534 +1-82 =0-293 ohms 
Total 5:557 ohms 


It should be noted that the sectional resistances are also in 
G.P. with the common ratio K=1-82. The total external 
resistance to be placed in series with the armature =5-85 —0-293 
—5:557 ohms. 


The current on the first notch is 75:3 amps and the peak currents 
on the remaining notches are 1-82 x 75:3 2137 amps. 


Example 2. 


A 100 H.P. 440 volt shunt motor is to be started with peak 
currents not exceeding about twice full load current. 
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The starting current must be sufficient to accelerate against 
full load torque on the first notch of the resistor. Take m= 
0-05 x V/full load current. Efficiency of motor 9295. Assume 

| = full load current. 
100 x 746 


Full load current 2 ——————— =185 amps 
440 x 0-92 


To accelerate against full load torque would require about 
125 to 150% full load current. Allowing 150% full load current 
to pass on the Ist notch, armature stationary. 


440 

R = 85715 =1:6 ohms say 
0-05 x 440 

Jm = ——M— — 0-119 ohms and Ex =13:5 

185 Ym 
From equation (1'8) 

K= yi 
Jm 


and if K is not to exceed about 2, then 
2» 219-5 whence 223-76 
The resistor must therefore have four sections 
modified K —44/13-5 — 1:917 


and Seetional Resistance. 


V 440 
| LUE. NK ENS ] 
I 185 x 15 di 


y, =0:765 ohms 


17K=16 —1:917=0:835 ohms 
Ya =0-400 ohms 


ə ~K =0-835 —1:917 20-435 ohms 
Y =0-208 ohms 


ry, =0:108 ohms 


R 
R 

ı =R, +K =0-435 +1-917 =0-227 ohms 
R, >K =0-227~—1-917 =0-119 ohms 


Total 1-481 ohms 


The total external resistance to be placed in series with the 
armature is 1:6—0:119 21-481 ohms. Peak current on the first 
notch is 1:5 x 185=277-5 amps. and on the subsequent notches 
1-917 x 185 =354 amps. The sectional resistances are also in 
G.P. with a common ratio K =1-917. 
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Since the resistance on the first notch is governed bv the 
starting duty, it follows that the peak current on this notch is 
likewise fixed. In some cases it may be desirable to limit the 
initial current to less than full load. There are a number of 
reasons for this; for one thing, the first peak has to begin from 
zero, While the others nominally begin from full load, the operator 
being supposed to dwell long enough on each stud to permit the 
current to fall to this value. Further, static friction has to be 
overcome and backlash in gearing taken up at this point only. 
The effect upon the supply voltage may also limit the initial peak. 
However, it may be a specified condition that the peak currents 
on the first and subsequent notches must be the same. In order 
to meet this condition, equation (1.8) is modified thus, 


Let K = Peak factor. 


ls = Steady or minimum value of accelerating current at 
which notching up is assumed to take place. 


I = Initial current = KI.. 


Whence, from equation (1.8) 
ce ES 
K= y Wa N JK Isma 


` (1:10) 


Example 3. 


A starting resistor having five sections and to give equal peak 
currents throughout is required for a 50 H.P. 220 volt shunt motor. 
The efficiency of the motor is 90%. Take z, =C-05 x V/Full load 


current. Assume I,=full load current. 
50 x 746 
2 rent =— — — 189 amps. 
Ful load current 220 x 0.9 unps 
"LLLI ET 
189 
V _ V 189 20 


Tera 189 005xV 
From (1:10) K5*1—20. Whence K =1-648 and 


GRADING OF METALLIC STARTING RESISTORS 11 


Sectional Resistance. 
440 - 
= s= =1-415 ohms 

189 x 1-648 


rı =0-555 ohms 
R, =R,+K=1-415+1-648 =0:86 ohms 
ra =0:338 ohms 


R, =R,+K=0-86 +1-648 20:522 ohms 
7, =0-205 ohms 


R, =R, +K =0-522—1-648 =0-317 ohms 

r, =0:124 ohms 
R; =R, +K =0:317—1:648 =0-193 ohms 

r; =0:076 ohms 


vm =R; +K =0C:193—1:648=0:117 ohms 
Total 1:298 ohms 


The total external resistance to be placed in series with the 
armature —1:415 —0-117 =1-298 ohms. Peak current on first and 
subsequent notches = 1:648 x 189 2311 amps. 


Example 4. 


A 75 H.P. 220 volt shunt motor is driving a load which can 
vary from 100% down to about 50%. A starting resistor is 
required to limit the peak currents to not greater than 150% full 
load current and sufficient notches are to be included to ensure 
that there is no appreciable "snatch" within the limits of the 
possible loading prescribed. 

The efficiency of the motor is 92%. Take 7m=0-05 x V/full 
load. current. 

Sufficient notches must be included on the controller to provide 
for any load between 50% and 100%. Since it would be impossible 
to cater for every possible load condition between 50% and 100%, 
it would probably be in order to provide for the 50%, 75% and 
100°, conditions, bearing in mind that the cost of the resistor and 
controller gear increase with the number of notches. The starting 
resistor specification is therefore :— 


(a) To pass 50% full load current on first notch. 
(b) To pass 75% full load current on second notch. 
(c) To pass 100% full load current on third notch. 


And thereafter peaks not to exceed 150% full load current. 


75 x 746 
Full load current - ———— -2 ; 
290 x0-92 76 amps 
220 


Total resistance on first notch=R, = =1-6 ohms say 


276 x 0-5 
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99 
Total resistance on second notch=R, = 220 — = 1:06 ohms sav 
` 276x075 ` 
n 220 
Total resistance on third notch = R, = 276 —0:8 ohms say 
4/9 
05 x 22 
-— 9:05 x 220 (04 ohms 
276 
à 0-8 
and Ra = 1-8 . =20 
Fa 0-04 


If the peaks are not to exceed 150% then 1-5” —20 
Whence 1=7-4, say 8, giving a total of 10 sections. 
Modified K —54/20 = 1-455 


Whence : 

Sectional Resistance 
R, =16 ohms 

y, =0:54 ohms 
R, =1:06 ohms 

z, = '26 ohms 

9 

R, == =0-8 ohms 

Y, —0:25 ohms 
R, =R, —K-055 ohms 

ra =0-172 ohms 
R; = —K =0-378 ohms 


r =0-118 ohms 
; ^R, ~K=0-26 ohms 
7, =0-081 ohms 
=R, —K =0:179 ohms 
r; =0:056 ohms 


R 
R 
R, =R, +K =0:123 ohms 
y =0:039 ohms 
R, =R, >K =0:084 ohms 
Yy =0:026 ohms 
Ry =R, —K 20:058 ohms 
Yio —0:018 ohms 
m =R, —K 20040 ohms 


Total 1-560 ohms 


Total external resistance to be placed in series with the 
armature = 1-6—0-04 =1-56 ohms. 
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The current on the first, second and third notches is 138, 207 
and 276 amps respectively and the peak currents on the remaining 
notches (which are in G.P.) are 1-455 x 276=402 amps. If the 
load torque on the first and second notch is greater than about 
50% or 75% respectively, the motor would fail to start but would 
tend to do so on the third notch. The most arduous rating for 
sections one and two would be with the motor stalled and this 
condition would normally be allowed for in the actual resistor 
design. 


From the preceding examples, it will be observed that when 
the total resistances R,, Rs, R,, etc., are in G.P., the sectional 
resistances are also in G.P. with the same constant ratio. This 
can easily be demonstrated as follows :— 


K = = E uo etc. 


Therefore 


K = = 
R, —K, R,—R, 
Whence 
K—1 
d; =R,—R,=R ( ) 111 
Yı 1 2 1 K ( ) 
7⁄1 
and 7, = etc. 
É K 


SECTION 1(c)—SERIES AND COMPOUND MOTORS. 


In the series motor, the field is produced by the armature 
current traversing the field coils, which are in series with the 
armature (see Fig. (2) ). 


ser ies 
field . 


Inter poles $ 


- V rd 


Fig. 2.—D.C. series motor. c 
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j Shunt 
Field. 


Senes 


De. 


i Interpoles. 


Fig. 3.—D.C. compound motor. 


Neglecting the effect of armature reaction, the m.m.f. produced 
by the field therefore increases in direct proportion to the armature 
current. The value of the flux produced will, of course, vary 
according to the magnetization curve of the magnetic material 
constituting the flux path in the machine. 

Fig. (3) shows a compound motor. 

The field of this type of motor is excited by both shunt and 
series turns. The m.m.f. provided by the shunt turns is constant 
and the effect of the series turns has been described. | Compound 
motors of ordinary design usually have about 80% shunt ampere 
turns and 20% series ampere turns. For other applications, 
where a series characteristic is mainly desired, a ratio of 80% 
series and 20% shunt ampere turns is used. This type is known 
as a series motor with a speed limiting winding. 


Because of the dependency of the field flux upon the armature 
current, the grading of resistors for use with series or compound 
motors differ considerably from that of a shunt motor. 


DERIVATION OF THE GRADING EQUATION. 


Let V —[Line volts. f 

E, E, E, etc. = Back e.m.f. when R, R, R, etc. is in 
circuit. 

I, =Lower value of armature current at which 


notching up is assumed to take place. 
(Usually the F.L. Current of the machine). 

I = Initial current on first notch. 

Ip, Ip3, Ia etc. 2 Peak currents when resistance is reduced to 
Rs, Ra Ry, etc. 

da — Resistance of motor. 

$, =Flux when I, is flowing in the series coils. 

Pz, Pz, @,, etc. — Flux when Ips, Ips, Ij, etc., is flowing in the 
series coils. 
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Ri. R283 RA Yaz Tad Ten 


Fig. 4.—D.C. series motor with external resistance. 


When the armature is rotating at a steady speed against a 
constant torque with I, flowing in the series coils and R, in circuit. 


V = ELT. R. 
V—E 
and I pe . D 
š R, (1:12) 


When the resistance is reduced to R,, the current will rise to 
Ip, and the flux from 9, to ®,, the motor speed remaining unaltered 
for a brief instant, whence 


V=E,+I,, . R, and 


since, at the same armature speed, E, = 9. QE, 
= QD, 
ZEE 
V =— Ele. R, 
1 
"T 
V— $, By 
and Ij, = 
p2 R; 
V Ps E 
n: 1 
and the ratio of I; s a x _R 1 
I, R, V—E, 


I, 
Whence R, = x ( Vie Pa E, ) x ( oR ) 
Ip? V—E, 
1, z o, s P 
Letting q- =K and a= K,, upon substituting in the above 
p2 $ 


equation we obtain 
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= He R 
R, = K (V—K,E,) x Eco 
From (132) E, =V—I,R, whence 


| v—K, (V—LRj) ! 


R, = K R 
=| & PT, = : [3 
= K | VE VLN T 
| LR, j 
_ KV KK, V KK, LR, 
CUN. I5 I; 
V 


= K K,R, K (K,—1) (1-13) 


I, 


If all the peak currents during starting are equal, then 
In2=Ip3=Ipy, etc., and successive application of the above 
procedure will yield. 


R, = (1:13a) 
— ° V « 
R, =K K,R,—K (K,—1) = (1-130) 
— V 
R; =K K,R,—K (K,—1) 1 (1:13c) 
s 
-— * W 
R, =K K,R,—K (K,—1) 1 (1:13d) 
V 
/w =K Kyrm-,--K (K, —1) 1 (1:132) 


It will be observed from the above series of equations that the 
ohmic resistance in circuit on each notch is a constant fraction 
(KK,) of the ohmic resistance on the preceding notch minus à 


constant ohmic resistance K (K, —1) ue The resistance R, is 
known from the specified starting conditions. Also known will be 
the resistance of the motor 7m. In the usual case the motor is 
assumed to start against a constant torque equal to full load from 
which it is evident that the minimum current on each notch is 
equal to the full-load current of the motor. Since both K and K, 
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depend upon the ratio of the peak to the minimum current, the 
series of equations (1:13) cannot be solved directly. The usual 
procedure is to assign a reasonable value to K (i.e., to assume a 
likely peak current) from which, in consultation with the magnetiz- 
ation curves of the motor, K, can be fixed. From the specified 
starting duty R, can be obtained, and by substituting the values 
of K and K, in the series of equations (1:13), 7m must equal the 
ohmic resistance of the motor in the specified number of starting 


steps. 
CHARACTERISTIC MAGNETIZATION CURVES. 


Strictly speaking, starting resistors for series or compound 
motors should be designed from the characteristic magnetization 
curve of the motor in question. In practice, the resistor 
manufacturer rarely has access to such curves, consequently use 
must be made of a curve for the average motor. The only 
characteristic curves reallv necessary are those showing the 
relationship between the back e.m.f. generated at normal full load 
speed and the armature current. Table I gives the co-ordinates 
and Fig. (10) the plotted points for such a set of curves. With 
the almost universal use of commutating poles in modern D.C. 
machines, the effects of armature reaction can be ignored in 
resistor design calculations. 


Example 5. 


A starting resistor having 3 sections is required for a 40 H.P. 
990 volt D.C. series motor. The efficiency of the motor is 90°% 
and full load current is to be passed on the first notch. 


Take 7m 20-09 x V/full load current. 


40 x 746 w 
Full load current = 999 x 0.9 =151 amps. 
Im = 0:03% 220. =0:131 ohms 
151 
Assuming the motor to be started against full load torque 
throughout, I, will be 151 amps. 
220 


= = 1-46 ohms and 
Ra 151 Te 


=1-46 


As a preliminary estimate let Ip =1-7 
s 
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Whence K = = - and from the characteristic curves 
"J 
p 
1 
E oo ade 
91 
s 1 : "T V 1 
KK, = x 1:13 20:665 and K (K, —1)—= — 1-13—1) 1:46 
1:7 Is 1:7 
=0-112 
Whence : 
| 99 
R, = : ae cand ohms 
I, 151 


R, —146 x0-665—0-112 20-858 ohms 
R, =0-858 x 0-665 —0-112 20-458 ohms 
"m =0-458 x0-665—0-112 —0-193 ohms 


Since the value of Zm resulting from the above is 0-193 ohms 
and the correct value should be 0-131 ohms, an adjustment of the 
assumed peak current is necessary. In order to reduce the value 


of 0:193 the assumed peak current will have to be bigger than that 
previously used. 


Say e =1-8 whence K = . 
I. 1:8 


From the characteristic curve, K, — =1-144 


K K, = 0-635 and K (K, —1) M s (1-144—1) 1-46 20-117 


‘Whence : | 
| Sectional Resistance 
lm i BETTE =1:46 ohms 
` rı =0:651 ohms 
R, =1-46 x0-635—0-117 —0-809 ohms 


Ya =0-412 ohms 
R, =0-809 x 0-635—0-117 =0-397 ohms 


Y, —0:262 ohms 
Ym =0:397 x 0-635—0-117 =0-135 ohms 


Total 1-325 ohms 
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The value řm =0:135 ohms accords sufficiently well with the 
correct value of 0-131 ohms and further adjustment of I, is really 
unnecessary. The correct value of I, is 1-813 x I,, but nothing 
will be gained by exploiting this example further. | Assuming 
the value of I, =1-8, the total external resistance to be placed in 
series with the armature = 1-46 —0-135 =1-325 ohms. The current 
on the first notch is 151 amps and the peak currents on the 
subsequent notches are 1:8 x 151 =272 amps. 


Example 6. 


A starting resistor having 6 sections is required for a 100 H.P. 
440 volt D.C. series motor. The efficiency of the motor is 92% 
and 75% full load current is to be passed on the first notch. Take 
ya = 0:090 V/Full load current. 


s 100 x 746 
Full load current =— —  =185 a 
u n 440 x 0:92 185 amps 
Ya Am L. d aiii =0-214 ohms 
185 


Assuming the motor to be started against full load torque on 
the second and subsequent notches, J, will be 185 amps. 
440 V 440 
= —— O =3-17 oh = -2. S 
185x075 ohms and T, 185 38 ohms 


R, 


as a preliminary estimate let TM 1-4 


s 


Whence K = c and from the characteristic curves K, a 

=1:1 
E => 1 5 V 1 

K K, = Ts 1-1 20-786 and K (K, —1) RES d (1:1—1) 2-38 
—0:17 

Whence : 

V 440 
R; =F 185x078 =3:17 ohms 


R, =3:'17 x0786—0:17=232 ohms 
R, =232 x 0-786—0-17 =1-67 
R, =1:67 x0-786—0-17 =1-14 
R, =1:14 x0-786—0-17 =0-726 
R, =0:726 x 0-786 —0-17 =0-4 

tm —04 x0-786—0-17=0-144 
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Since the value of ym —0-144 calculated from the above is very 
different from the correct value of 0-214 ohms, a reassessment of 
L, will be necessary. An observation will indicate that I, has 
been estimated too high. Reducing Ip to, say, 1:37 x I.. 


E=. mdi, = 149 
91 


1:37 

> 1 V 1 \ € 2 

K K,= x1:09 =0-796 and K (K, —1) — 2 — (1:09 —1) 2:38 
1:37 I 1-37 
—0-157 
Whence : 
Sectional Resistance 
V 440 
B act. ly 
1! Tl - 185x075 els 


y, —0:807 ohms 


R, «2337 x0 796—0-157 =2-363 ohms 

Ya —0:640 ,„ 
R, =2-363 x 0-796 —0:157 =1-723 ,, 

r =0:510 ,„, 
R, = 1-723 x 0-796 —0-157 21-213 38 

y, 005 ,, 
R. =1-213 x 0-796 —0-157 = 0-808 » 

ry; -0:323 ,, 
R, =0-808 x 0:796 —0-157 «0-485 = 

re =0-256 ,, 
”m = 0:485 x 0:796—0:157 = 0:299 

Total 2-941 ohms 


The value of 7m =0-229 accords reasonably well with the correct 
value of 0-214 and for practical purposes should be all right. The 
correct value of Ip = 1-376 x I,. Assuming the value of Ip = 1-37 x Is, 
the total external resistance to be placed in series with the 
armature is 3-17—0-229 22-941 ohms. 


The current on the first notch is 0-75 x 185 = 139 amps. The 
peak current on the second notch is 1:37 x 139 2 190 amps and on 
subsequent notches, 1-37 x 185 =253 amps. 


Whilst examples (5) and (6) are for the series motor, exactly 
the same procedure can be adapted for the compound motor, this 
time, of course, using the appropriate characteristic curve. 


It will be noted that in the previous examples on the series 
motor, the sectional resistances are in G.P. having a common ratio 


K.K,. 
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It is evident that with series motors, the number of steps 
necessary is less than for a shunt motor having the same value for 
the ratio I,/I,. Further more, it must be remembered that self 
induction will help considerably in preventing the current peaks 
from reaching the figures on which the previous calculations are 
made. 


SECTION 2—A.C. SLIPRING MOTOR. 


2(a) Balanced Rotor Current Starting. 


The polyphase induction motor has two basic parts, a stationary 
part called the PRIMARY or STATOR and a rotatable member called 
the SECONDARY or Rotor. The primary, or stator, consists of a 
laminated core which is slotted and wound with a polyphase 
winding suitable for the supply system. The secondary, or rotor, 
consists of a cylindrical laminated core mounted on a shaft. The 
outer periphery of the core is slotted for the rotor winding, which, 
in the case of a slipring motor, is usually star connected and brought 
out to three sliprings mounted on the shaft. Under normal 
operating conditions these sliprings are short circuited. When 
the stator is energised, the polyphase stator winding produces a 
rotating magnetic field. This rotating field cuts both the stator 
and rotor windings. When the rotor is stationary, e.m.f.s of 
supply frequency are induced in it and the action is similar to 
that of a transformer, except that the field is rotating instead of 
alternating. | When the rotor is rotating, the relative movement 
between the stator fields and rotor conductors is reduced, with a 
consequent reduction in both the rotor induced e.m.f. and frequency. 
The speed of the rotating field produced by the stator is constant 
and called Syxcuroxous SPEED. The relative cutting speed 
between the stator field and the rotor conductors can vary between 
SyNCHRONISM (when the rotor is stationary) and zero, when the 
rotor speed equals the speed of the rotating field. Actually, the 
rotor speed can never equal the speed of the rotating field, since 
there would be no change of flux linkages between the field 


bi 
stator 
W indings. 
: vec. 
Sugmn Qs 
Rotor windings. LS. 


Fig. 5.—Schematic connections of A.C. slipring motor with delta 
connected stator and star connected rotor. D 
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and the rotor conductors, resulting in no induced e.m.f. and current 
in the rotor. If the rotor shaft is not loaded, the machine has 
only to rotate itself against its mechanical losses; the rotor speed 
will rise and approach very closely to the synchronous speed. 
The speed of rotation, n, of the rotor, is then less than the 
synchronous speed 7, by the fraction s, known as the SLIP, whence, 


n,—n 
s=—1 


Ny 


On no load, the slip is generally less than about 1 per cent., 
rising to about 5 per cent. for the average motor on full load. 


Torque Production. 


With the rotor stationary and on open circuit, the stator 
winding excited from the supply system, e.m.f.s are induced in the 
rotor winding, which behaves in a similar manner as the secondary 
of a transformer. A voltmeter connected across any pair of 
sliprings would detect the secondary or rotor voltage, which, since 
the rotor is stationary, would alternate at the same frequency as 
that supplying the stator. If the sliprings are shorted, this induced 
e.m.f. will circulate a current in the rotor winding, the magnitude 
of this current being determined by the induced e.m.f. and the 
impedance of the rotor winding. ^ The currents so produced 
interact with the rotating field of the stator to produce a torque. 
The magnitude of this torque can be shown to be proportional to 
rotor current x flux x cosine of the phase difference between the 
current and flux, i.e. 

Torque cc o. I,.cos ó, 

where @ = flux 

I, rotor current (Rms value) 
bo the phase difference between the current in the 
rotor circuit and flux. 

If the rotor is free to rotate and the torque produced exceeds 
the retarding torque, the rotor will accelerate in the same direction 
as the rotating field produced by the stator. As the rotor speed 
increases, the induced e.m.f. and frequency in the rotor circuit 
will decrease, owing to a decrease in the relative cutting speed of 
the rotating field and the rotor conductors. Stable speed 
conditions are obtained when the e.m.f. induced in the rotor 
winding is just sufficient to produce a current in the rotor circuit 
which creates a torque equal to the retarding torque. 


Magnitude of Rotor Currents. 


Let E, = Induced e.m.f. per phase at standstill. 


fm Resistance of rotor winding per phase. 
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X, = Reactance of rotor winding per phase at standstill. 
I, = Rotor current per phase. 
Impedance of the rotor winding at standstill = // [Z= +%"] 
Whence, rotor current per phase at standstill is 
= ta 

Va? +%2"] 

When the rotor is running at slip s, the reactance becomes 
sx, and the impedance 4/[/m? + s2x,2] whence 
s E, E, 


I, 


ig MICE Rc ae B hu mms 21 
Vira? + sP] als) + a") oo 
The power factor of the rotor circuit at standstill is 
Tm 
cos gg = — 2-2 
fe = ae +a n e 
and when running at slip s, cos $, = —L — (2-3) 


V [m + SX] 
In the normal motor, the full load slip will be about 5% from 
which it is evident that the power factor of the rotor circuits is 
almost unity. 


Magnitude of Generated Torque. 


When the rotor is running with a slip s, corresponding to a 
rotor current I,, the torque, assuming a constant flux ®, will be 
T=K LO. cos $; 

If R, is the resistance of the rotor circuits, comprising that of 
the rotor winding and any added external resistance, then from (2-1) 
s E; 


l VRE + Pag 
R 

and from (2:3), cos ¿= — ~ 

` VIRE + s? xs] 
| SE R ) 
Then, T=K® 4|. —————— , R L 
| | VER + sta] VER + stas | 

ud SR. 


Re s? x2? 
Hence, for constant supply frequency and p.d. in a given motor 
s Rk 


me Re? + s2 x,2 (2-4) 
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Ii R, and s in the above expression were both increased, say 
M times, the value of the torque will remain unaltered. — Thus if 
R, is altered to MR,, any value of torque originally obtained with 
a slip s is now obtained at a slip Ms. From this it is apparent that 
the speed of a slipring induction motor at a given torque can be 
controlled by inserting resistance in the rotor circuits. It should 
be noted, however, that only speed variation below synchronism 
can be effected in this manner. 


Electrical Efficiency of the Rotor. 


If E, is the voltage induced per phase in the rotor winding at 
standstill and T, the current at a power factor cos ó, then, 

Power input to the rotor P, =3 E,I,.cos $, (2:5) 
When the rotor is running with a slip s, the current per phase of the 
rotor winding from (2-1) is 


S E, 


2 


` [Rr + sè x, 
and the copper loss (assuming a 3 phase winding) 
is P, 23 R, I? 


; R "T 
now, from (2-3), cos ó, = š — whence, upon substituting 


VIR? + 82 x] 
in the above equation we obtain 
5? E, 


P,=3. ——— — . cos d, 
tOO [R + s? xa] a 
but I, = as a ^n P, =3s E, Icos $; (2:6) 
` VIR + s? x] D ee cs 


Now, since the rotor input is P, and the rotor copper loss P, 
the mechanical output P, —P,—P, 


—3E,I,.cos $,—3s E, I,. cos $; 

—3E,I,.cos ó$, (1—s) (2-7) 
P, _3E,I, . cos $; 1—s) 

P, 3E,I,.cos $; I 
= 1—s (2:8) 


so that. the rotor efficiency is 


P; 3s E,I,cos dj s 
Furthermore, P. "EE ns d. = Les 
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9.2 Ps : 
and from (2-8) =p = 1—s it follows that 
P s 
E = .1—s=s 
P, 1—s 
kes P, =P, (2-9) 


It is evident that for a motor working against a load demanding 
a steady torque, the slip is proportional to the rotor copper loss, 
which, since the rotor current remains at a value consistent with 
the steady torque required, means that the slip is proportional to 
the resistance of the rotor circuits. This fact has been previously 
demonstrated. 


Rotor Starting Resistors. 


1f full line voltage were applied to the stator of a slipring 
induction motor, with the rotor stationary and sliprings shorted, 
abnormally high currents would flow in both the stator and rotor 
circuits. Since the transference of energy from the stator to the 
rotor is essentially by transformer action, extra resistance inserted 
in the rotor circuits would have the effect of reducing both the 
rotor and stator currents. Furthermore, extra resistance inserted 
in the rotor circuits will increase the power factor of the rotor 
currents and thereby increase the starting torque. As the 
resistance of the rotor circuits is reduced, current peaks similar to 
those already described in the section on D.C. motors will occur. 
If these peaks are to be kept within certain limits (this is the 
essential feature of a starting resistor), the ratio of the successive 
rotor circuit resistances must likewise be fixed. 


Grading of Rotor Starting Resistor. 
Fig. (6) shows a typical arrangement. 


The usual conditions are imposed in the following derivation of 
the grading equation. They are: 


(a) The motor is assumed to start against a constant torque, 
usually the full load torque. 


(b) The current during the starting period varies between the 
upper limit, I,, and the lower limit (usually the full load 
current of the motor) I. 
Let 
E, = Rotor induced voltage per phase at standstill. 
R,, Rg, Rs, etc. =Total resistance of the rotor circuit per phase. 
rm = Resistance of the rotor windings per phase. 
I,=Peak or upper limit of the current during 
starting. 
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š " ies. Roloc 
Starting ves 9X dr. Slip tings windings. 


Fig. 6.—Rotor starting resistor. 


I,=Lower limit of the rotor current at which 
notching up is assumed to take place. 


$5 Sy Sy, etc. - Steady value of slips with R}, Ry, Rẹ etc., in 
circuit. 


71 = Number of resistance elements. 
n +1=Number of studs on the starter. 
In the following derivations, the second form of equation (2:1) 


will be used. At the instant of making contact with the first 
stud, rotor stationary (ie., s;=1). 


As the rotor accelerates, the current will fall to I}, and the slip to 
Sg, whence : 


I Es 


V[CR e] 


1 
S2 
At the instant of making contact with the second stud, the slip 
will remain momentarily at sẹ, whence : 


E . 


YER] 
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As the rotor accelerates, the current will fall to I, and the slip 
to s, whence: 


VER) ew] 


i E, 
i, = = 
V[CR ee] 
+ xo 
Sn 
I, = E» 


and on the last or ( + 1)th stud 


E; 
27 2 
Tm > 
Vi) e] 
Sn+1 
E, E 
Thus I,= = i 
R 
VO) 6] VEG) =e] 
3 2 
ESOS < eS E; = E, 
= = A 
VEE 8] V] 
Sn Sn+1 
R R 
So that S= L. o ~ Rao __% 
1 S2 Sn Sn41 
E EMEN m (2-10) 
S2 R: $3 R, ' Sn+1 Tm 
also, from the equations for 1,, it follows that 
R Reo — _ _ _. _ Ra 
So S3 Sn+1 
HE _ R. Ss _ R, Sa Raj 
E R, ; " R,’ "wa MS (2:11) 
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Š po R Sə S. R, 
From (2-10) and (211) È =- ==, BS ; ete 
Sy $ R S Sy R, 
S; dk S s 
Thus 2 == == =—""_ =p (2-12) 
> Sg Sy C 
R, R 
and Ry 2 Es =k (2-13) 
R, R, R, Ym 
Thus, from (2.12) if there are z resistor elements 
nj 
| =— ieh- Since s,=1 (2-14) 
$n.4 Sn+1 


Where s,,; is the slip for the rotor running under normal conditions 
with the slip rings shorted and carrying I, amps. Under these 
conditions it is usual to assume that the slip is proportional to the 
rotor current. Thus, if the normal slip is, say, 3% and I, is twice 
the full load current of the rotor, then Siig = 6%. 


From equation (2-13) 


h" = Ei 
Ym 
ay Fa Sı 
so that from (2-12) and (2:13), =— _ 
Ym Sn+1 
Since s, — 1 it follows that R, st (2:15) 
Sn:1 
When R; is calculated from equation (2-15) 

b= y (2-16) 


Ym 


The value of k, when calculated from equations (2-14) and (2:16) 
is the same, and the equations differ in form only. The total 
resistances have a common ratio k, and are thus in Geometric 


Progression (G.P.). 
If the sectional resistances are 7, r, r,, etc., then 
R, 


1 
R (1x) 
k 2r 


and 7,=R,—R,=R, Ry =R, ( 1—4 ) -+4 


7,=R,—R,=R, 


and 73 an’ 


Xa, Ty = 
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It is thus evident that the sectional resistances are also in G.P., 
with a common ratio A. 


Current Peaks During Starting. 

]t is usual practice in resistance calculations to neglect the 
effects of xs, the standstill reactance per phase of the rotor circuits. 
During starting, the initial resistance of the rotor circuits is 
generally much greater than x,, As the external resistance is 
reduced the slip also decreases so that R/s always remains large 
compared with xə. 


Hence I,2—— 


This can be shown to apply throughout the various steps of 
the starting resistor. 

It should be noted that the value of & calculated from equations 
(2-14) and (2-16), results in a rotor peak current on the first notch 
of magnitude % x full load rotor current. Specifications sometimes 
stipulate starting conditions whereby the initial current on the 
first notch differs from the peaks on the subsequent notches. In 
this case, R, is calculated from information given ve the starting 
conditions and the value of k is thus computed from equation (2-16). 


A slightly modified form of equation (2-14) is sometimes more 
convenient. It has been shown that the ratio of Ij,/l, equals k 
when the rotor reactance is neglected. Since the slip is also 
approximately proportional to the rotor current it follows that 
xk where s, is the normal full load slip of the motor. 


$0.1 7 Seu 
š " 1 
Now from equation (2-14), k = 
Sn+1 
V 1 
diu Sig f 
1 n+l 1 
<. Rn = ie. RAn*1- w ee 2. 
E Sion Sip (2-17) 


The use of the derived equations (2-14) and (2-16) will be 
illustrated by some examples. The computed values are to 
slide-rule accuracy only. : 
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Example 1, 


A starting resistor having 5 sections and giving equal peaks on 
all notches is required for a 50 H.P. slip ring induction motor. 
The motor has a full load slip of 3% and the rotor resistance is 
0-1 ohms per phase. 

This is a direct application of equation (2-17). 


= 


S5, = 0-03 n=5 n+1=6 


= = = 64/33: 
" 0-03 0-03 vana 


Using logs, log. k BE - = 0-25395 
s, k= 1795 
From equation (2-15) R,= CX OA 1-86 ohms say 
S43 1-795 x 0:03 
whence Sectional Resistance 
R: = 1:36 ohms 


y = 0:825 ohms 
R, =1-86 +1-:795=1-035 ohms 
^, = 0-457 ohms 


Yo 


R, =1-035 -1-795 =0:578 ohms 
r= 0.256 ohms 
R, =0:578 —1:795 20-322 ohms 
rı = 0-1425 ohms 
R; =0-322 +1-795 20-1795 ohms 
r, = 0:0795 ohms 
Zm —01795—1.795 20-10 ohms 
Total 1-7600 ohms 
The total external resistance per phase to be inserted in the 
rotor circuits is 1:86—0:1=1:76 ohms. The peak currents on the 
first and subsequent notches is 1-795 times the full load current of 
the rotor. 


Example 2, 


_ What would be the number of resistance sections required to 
limit the current peaks to 1:5 times full load in the previous 
example ? 

n+1 


From equation (2:17) k = : 


0-03 
< L5 ="+14/33-4 
and (n +1) log. 1-5=log. 33-4 
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ie. (a. +1) = 1-5237—0-1761 
whence (z +1) =8-67, i.e., 128.67 — 1=7:67 
Since k must not exceed 1-5, n must not be less than 7:67, say, 
n=8 and modified value of k = 933-4 = 1-478. 


Example 3. 

A starting resistor for a 100 H.P. slipring induction motor is 
required. The full load slip is 4% and the starting peak currents 
are not to exceed about twice full load current. Rotor volts 
between sliprings 2400, rotor amps — 114. i 

In this case it is first necessary to calculate the rotor resistance 
Ym: 

From equation (2-6) the rotor I?R loss is P, =3s E, Ip. cos ġe 
and, since cos $, = 1 then, 3 I,?r, =3s E, I, 


substituting the appropriate values we obtain 

"EL LLL YT ohms 
114 x 4/3 
pan 

z i 2. = ees 

From equation (2-17) k 001 

and since k is 2, 2—^:14/25 _ 

from which (n-1)-24-65, =. 1 23:65. 

Taking the nearest integer we obtain n =4. 

Modified value of k 254/25 = 1-903 


Tm 0-081 


R = E e ws 1:06 h 
17 Su  L908x004 TUM 
Whence 
Sectional Resistance 
R,- =1:06 ohms 


7, =0-502 ohms 
R, =1-:06 +1:903=0:558 ohms 

y, —0:265 ohms 
R, 20:558—1:908 20-293 ohms 

7, =0:139 ohms 
R, =0-293 1-903 20-154 ohms 

7, =0-073 ohms 
fa =0:154 —1:903 =0-081 ohms 


Total 0-979 ohms 
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The total external resistance to be inserted in the rotor circuits 
is 1-06 —0-081 20-979 ohms. The rotor peak currents on the 
first and subsequent notches are 1-903 x 114 2217 amps. 


Neglecting rotor reactance, it is an easy task to compute the 
initial current on the first notch as follows. 
400 


L = —— =217 amps as above 
4/3 x 1:06 


400 . 
Where V8. is the rotor volts per phase and 1-06 ohms the 
rotor circuit resistance (strictly speaking impedance) per phase. 


Example 4. 


A starting resistor for a 75 H.P. slipring induction motor is 
required. The resistor design must be such that full load rotor 
current is passed on the first notch and the subsequent peak currents 
must not exceed 175% full load rotor current. Rotor volts 
between sliprings 2450. Full load slip 2494. 

Since the rotor current is not given, it must be estimated. For 
a slipring induction motor of normal design the overall rotor 
efficiency will be about 9295, so that 


H.P. x 746 79 x 746 
VS3xRVxq9,  A/8x450 x 0-92 
= 78 amps. 
From the previous example, the rotor resistance per phase 


Full load rotor amps = 


slip x rotor volt 0-04 x 450 
E SUE NOU ee ose shies 
Rotor amps x 4/3 78 x 4/3 


` vol 5 
i es rotor phase volts _ — — 3.33 ohms 
rotor current V3 x 78 
' : | R | 9:38 
From equation (2.16) k= A —-- Y 


0-133 


Since k must not exceed 1:75, 


" 3:33 


then 1:75 = 0-133 from which 525-76 


Taking the nearest integer we obtain z =6, 
6; 


modified value of k= V 
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Whence 
Sectional Resistance 


R, =3-33 ohms 
y,=1:38 ohms 
R,-333 +1:71=1-:95 ohms 
r,-0:81 ohms 
R,-195 +1:71=1-14 ohms 
r, =0-472 ohms 
R =1-14 +1-:71 =0-668 ohms 
r, =0-278 ohms 
R. =0-668+1-71 =0-39 ohms 
rg =0-161 ohms 
R, =0:39 +1:71 =0-229 ohms 
r 20:096 ohms 
—(0-229 —1-71 20:133 ohms 


Vin 


Total | 3:197 ohms 


The total external resistance to be inserted in the rotor circuits 
is 333—0-133 23-197 ohms. Rotor current on the first notch is 
78 amps and the peak currents on the subsequent notches are 
1:71 x 78 2133-5 amps. The motor would only start on the first 
notch if the load torque was less than full load. Against full load 
torque, the motor would tend to start on the second notch. In 
some cases the load torque can vary considerably. In hoist motions 
of cranes, for example, depending upon the hook load, the torque 
can vary from say 50% to 100%. ^ Special consideration must 
therefore be given to such cases, and due allowance made in the 
grading of the starting resistor. Again, some operations demand 
that the motor should run at a lower speed than normal against 
a fraction of the full load torque. This condition is termed 
“Intermittent Regulation with Creeping Speeds” and the usual 
adopted standard is one-fifth normal speed against a torque equal 
to one-third full load torque. 


Example 5. 
A starting resistor is required for a 50 H.P. slipring induction 
motor. The motor is driving a load which can vary from 50% 


to 100% and sufficient notches are to be provided on the controller 
so that there is no appreciable “snatch”? within the prescribed 
possible loading limits. The maximum rotor peak currents must 
not exceed about 150% full load and the starting resistor must be 
designed to give a creep speed condition of 20% full speed against 
one-third full load torque. Rotor volts between sliprings = 350, 
rotor amps=69. Full load slip =5%. 

The first notch on the resistor will provide for the creep speed 
condition. Since a possible load torque variation on subsequent 
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notches of between 50 to 100% must be catered for it would 
probably be in order to assume 50%, 75%, and 100% conditions. 
These would be obtained on the 2nd, 3rd and 4th notches 
respectively. Thereafter the peaks are restricted to 150% full 
load current, consequently the starting resistor specification is 
a) Creep speed conditions on the first notch. 

6) To pass 50% full load rotor current on the second notch. 
) To pass 75% full load rotor current on the third notch. 
d) To pass 100% full load rotor current on the fourth notch. 
e) Therafter, rotor peak currents not to exceed about 150% 

full load current. 
slip x rotor volts — 0:05 x 350 
rotor current x»/3 69x 4/3 
—0:146 ohms. 
Full load speed =95% synchronous speed 


0-95 


Rotor resistance/phase r,, = 


Slip at 20% full load speed = 1 — =0:81 


Assuming I,cc torque, then current required at 1/3 full load 
torque =69/3 =23 amps. 


Resistance per phase of rotor circuits for creep speed conditions 


0-81 xrotor volts _ 0-81 x 350 
rotor current x 4/8 23 x 4/3 


=7:12 ohms 


1 


Again, assuming rotor current oc torque, current required on 
the 2nd, 3rd and 4th notches would be 69x0-5, 69x075 and 
69 amps respectively, so that, 


— — rotor volts (s=1 since the motoris _ 350 
* rotor amps x 4/3 assumed not to start) 34:5 x J/3 
=5-85 ohms 
___totor volts (s=1sincethemotoris 350 
3$ rotor amps x 4/8 assumed not to start) ~ 54.75 x 4/3 
=3-9 ohms 
.. rotor volts (s=1sincethemotoris 350 
^ “rotor amps x 4/8 assumed not to start) 69x /3 
=2-93 ohms 


On the fourth notch of the controller normal starting is assumed 


with current peaks not exceeding approximately 150% full load 
current. 
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Applying equation (2.16) k = V 


-L where R, in this case is 
m 


on the 4th controller notch and is nominated R,. 
Y 2-98 == 

Le, 1:5 = je ="4/20 whence 2=7-4 

Since the peak currents are not rigidly fixed at 150%, it would 
probably be in order to assume 7 =7, whence modified value of 
k — 79/20 = 1-535. 

So that resistor details :— 

Sectional Resistance 

= 7:12 ohms 
rı =1:27 ohms 
= 5°85 ohms 
r, —1:95 ohms 


R 
R 
Ry = 39 ohms 

rą =0:97 ohms 
R, = 2-93 ohms 

r, =1:02 ohms 
R, =293 + 1:535 21:91 ohms 

y, —0:67 ohms 
Re =1-91 + 1535-124 ohms 
r =0-43 ohms 
R, -124 + 1535-0:81 ohms 

/, =0-284 ohms 
Rs 2-081 + 1535-0526 ohms 

rg —0:184 ohms 
R, =0:526—-1:535 =0-342 ohms 

vy —0:119 ohms 
R,, —-0:342—1:535 —0-223 ohms 

riy —0:077 ohms 
7m —0223-—1:535-20-146 ohms 


Total 6-974 ohms 


The total resistance to be inserted in the rotor circuits is 
7.12—0-146 26-974 ohms. The rotor currents on the Ist, 2nd, 
3rd and 4th notches are 23, 34-5, 51-75 and 69 amps respectively, 
and the peak currents on the subsequent notches are 1:535 x 69 
=106 amps. If the load torque on the first and second notch is 
greater than about 50% or 75% respectively, the motor would 
fail to start. A torque a little greater than 50% could be handled 
on the third notch and likewise a torque a little greater than 75% 
on the fourth notch. Conditions requiring 100% torque would 
probably require the controller to move to the fifth notch. 
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SECTION 2b—SLIP REGULATORS. 


When a resistor connected in the rotor circuit is intended not 
only for starting but also for regulating the speed of the motor, 
it becomes a SLIP REGULATOR or CONTROLLER. Whereas starting 
resistors are usually short time rated, i.e., they are designed to 
sustain the rotor currents for a period equal to the starting time, 
slip regulating resistors must be capable of carrying the load 
current of the rotor continuously without overheating. | When 
large variations in regulation are required the regulating resistor 
can also be used as a starting resistor, in which case the resistor 


steps must conform with the requirements laid down for starting 
resistors. 


The simplicity with which slip regulation can be accomplished 
in this manner is probably its only recommendation. Against 
this there are three major disadvantages, viz. : 

(1) It is only suitable for drives requiring constant torques 
at all speeds. 

(2) The efficiency is reduced in almost the same proportion 
as the speed. 

(3) Speed regulation can only be effected from full load 
speed downwards. 


In some cases only a small reduction in the full load speed is 
required; in this case the resistor may be connected permanently 
in the rotor circuit via the sliprings and a simple shorting device 
used. Where large variations in regulation may be required, the 
regulating resistor can also be used for starting purposes and a 
controller is necessary. 


Equation (2-9) shows that for constant torque the slip 1S 
proportional to the rotor loss watts. This is easily visualized 
when it is remembered that for constant torque the input to the 
rotor is constant and any extra loss in the rotor circuits (occurring 
in an external resistance) would reduce the H.P. at the motor 
shaft. Since, for similar rotor currents, the torque developed by 
the rotor would remain the same, it follows that the reduced H.P. 
is exhibited as a change of speed. 


Slip Regulation—Constant Torque. 


From equation (2-9) : 


R SL 
where P, =Rotor loss. 
s  —Slip. 


P, =Rotor input. 
now P, =3.1,? x Resistance of the rotor circuits, where I, = full 
load rotor current per phase. 
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and P, =3.E,.1,. cos 4, where E, =induced voltage per phase 
in the rotor winding at standstill, and cos ó, the 
power factor of the rotor circuit. 


^. 3 1,2 Resistance of the rotor circuits=s E,I, cos do. 


s g Es |: 
Ee x cos $, = I 2 since 


^. Resistance of the rotor circuits = 
cos ġ = 1 (2-18) 
Let s, —Fractional slip at full load with the sliprings shorted. 
s. =Fractional slip at full load speed x. 
rm = Resistance of the rotor windings per phase. 


R, =External resistance per phase. 
R, =Total resistance of the rotor circuits per phase 


= (R, +7m)- 
From (2-18) 
S, T 
Fm = = 
I, 
R, = lon 
I, 
SEa š, E, E, 
© Re = R -m= I, -u = (Sx— Sp- ) Š 1, 


It is normal practice to refer to the standstill rotor voltage 
between sliprings, whence the above equation becomes : 


R. = (Sx = Sep) . Va (2-19) 
ls y3 


where V, —Standstill rotor volts between sliprings. 


Example 6. 

A 50 H.P. 6 pole slipring induction motor has a full load speed 
of 960 r.p.m. What value of external resistances is required to 
reduce the speed to 800 r.p.m. when running against the same 
torque ? Rotor volts between sliprings=300, full load rotor 
current =80 amps. 
60xf 60x50 

p 3 


For a 6 pole motor the synchronous speed = 


=1000 r.p.m. 
. 1000—960 


-— —0-04 
bis 1000 
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and s. _ 1000 — 800 EOD 
1000 


Whence, from equation (2-19) : 
(0:2 — 0-04) 300 


R,- : — 0:347 ohms 
S0 3 
check :— 
H.P. lost in external resistance => <S0 ROSE. =8-92 


Rotor output = Rotor input—Rotor losses. 
IfPm =Rotor output at 960 r.p.m. 

Pm, =Rotor output at 800 r.p.m. 

Then decrease in rotor output =Pm—Py = 
(3 E;I,. cos $,—3s,, E,I,. cos $,) — (3 Eola. cos $, —3s, Eala. cos ho) 
=3 E, cos d, (1—5,, —1 +s.) 

Since cos $, = 1, then 


-90 — 0-0: 
H.P. decrease =3 x Ed x 80 (20—004) 
3 746 


Which checks with the loss in the external resistance. 


=8-92 


Example 7, 


What value of external resistance would be required for a 
similar regulation against 50% full load torque in the previous 
example? Assume the rotor current to be proportional to torque. 

Rotor current 20:5 x 80 240 amps. 


(0-2 — 0-04) 300 


Whence R, = va a’ =0-694 ohms 


Example 8. 


It is desired to regulate the speed of a 100 H.P., 4 pole, slipring 
induction motor, from half to full speed in 10 equal steps when 
running against constant full load torque. The full load speed of 
the motor is 1440 r.p.m. Standstill rotor volts between sliprings = 
500, full load rotor current =96 amps. 


60 xf 60x50 


For a 4 pole motor the synchronous speed = 2 


— 1500 r.p.m. 
. 1500—1440 


z =0:04 
“re 1500 
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1500 —720 
1500 
Change in slip required in 10 equal steps 20-52 —0-04 =0-48. 
Change in slip per step 20-48 —10 — 0-048. 

From equation (2-19) : 


(Sx — Sr Ë) V. 


Slip at half speed — =0-52 


Re = P 
I, V3 
(Sx — Sia) 500 
Mhence Re === . —— = (Ss Sr) + 3 
Whence 96 V3 (Sx —Spr) 
Which upon working out for the various speed steps becomes 
Speed r.p.m. Sx--Spr External Rator Resistance Re 
720 0-48 1-44 ohms 
792 0-432 1-296 ohms 
864 0-384 1:152 ohms 
936 0-336 1:008 ohms 
1008 0-288 0-864 ohms 
1080 0-240 0-720 ohms 
1152 0-192 0:576 ohms 
1224 0-144 0:432 ohms 
1296 0-096 0-288 ohms 
1368 0-048 0:144 ohms 
1440 0 0 


It would be interesting to check the suitability of the regulating 
resistor for starting purposes. 
; 500 
Starting current on the lowest d =— 
rting owest speed notch Vax (1-443 "E 


E 0:04 x 500 

Where Zm Spr E = ae =0-12 ohms 

Whence, starting current 300 185 amps 

Vh 3 = —— = 3 
š V3 x (1:44 + 0-12) F 


This represents a rotor starting current of 192% full load and, 
unless some special conditions prevail, should be quite in order for 
the average duty. Of course, the peak currents throughout the 
starting cycle will not be equal, the minimum rotor peak current 
obtaining when moving from the lowest speed step and the highest 
when the last section of the regulator is short circuited. These 
having values of :— 
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(0-48 + 0-04) 
(0-432 + 0-04) 


(0-048 + 0-04) 
0-04 


=110% rotor full load current, minimum value 


lI 


and 220% rotor full load current, maximum value. 


Slip Regulation With Variable Load Torque. 


Some motors drive loads the torque of which varies with speed, 
e.g., fans and centrifugal pumps. In the case of fans, the accepted 
laws are: 


Horse Power oc (Speed)? 
Since, Horse Power oc Speed x Torque 
Then, Torque oc (Speed)? 
Making the normal assumption that the rotor current is 
proportional to torque, the rotor current 


| Actual Speed 


] 2 
=] “ pull Speed - x normal full load rotor current. 
| — ape | 


Using the same nomenclature as the constant torque case, the 
full load speed =(1 —5,,) x Synchronous speed, and the specd at 
step x =(1—sx) x Synchronous speed. 


Then, the rotor current I, is related by the expression 


N C * 
Iz=- — x full load rotor current 
E ( 1—s,, | 
Whence, equation (2:19) becomes modified for fan drives thus 
R. 24 [S e— 8s.) Va (2-20) 
| 1—s, |? V3 
` - r ails 
(l=) - 


Example 9. 

A ventilating unit is driven by a 4 pole, 40 H.P. slipring motor, 
having a full load speed of 1440 r.p.m. What would be the value 
of external resistance, placed in the rotor circuits, to reduce the 
Speed to half its maximum value against full load torque ? Stand- 
still rotor volts between sliprings 2350, full load rotor current = 
55 amps. 

For a 4 pole motor the synchronous speed = 1500 r.p.m. 

. 1500—1440 
| 1500 


=0-04 


SrL 


GRADING OF METALLIC STARTING RESISTORS 4] 


1500—720 _ 


ands, = C-52 
ands, 1508 5 
52—0: 
Whence, from (2-20) Re — —. n x 380 2704 ohms 
! 1—0:32 | ` ë V 
qp - x 5š 
I 1—0:04 | 


Example 10. 


What would be the values of the external resistances to be 
placed in the rotor circuits to regulate the speed of the motor in 
the previous example from 1440 r.p.m. down to 440 r.p.m. in 
increments of 200 r.p.m. ? 


The various details will be tabulated and equation (2-20) applied 
thus :— 
External Rotor 


Speed i p.m. Sx— SrL 1—s, l--s, Resistance Re 
440 0:667 0:295 0-96 26-3 ohms 
640 0-534 0-426 0-96 10 ohms 
840 0:401 0:559 0:96 4-35 ohms 
1040 0-267 0-693 0:96 1:89 ohms 
1240 0-133 0-826 0:96 0-66 ohms 
1440 0 0-96 0-96 e 


In computing the resistance values for slip regulators, it should 
be remembered that one usually works from the full load rotor 


current. In general, a mechanism or drive requiring a certain 
H.P. will be driven by a motor which will possibly have a reserve 
capacity above that required. Consequently, the motor rotor 


current will be somewhat less than its full load value. Rearing 
this in mind, it is good practice to increase the maximum ohmic 
value of the resistor by say 15%, or, provide tappings at +-15%, 
2109, and --5°% where critical speed control is required.  l'urther- 
more, if a constant speed at any particular controller setting is 
required, the resistor material should have a low or negligible 
temperature coefficient. Of course, this latter point does not 
apply to resistors used for starting purposes onlv, since the actual 
resistance values on any particular notch are not very critical. 


SECTION 2(c)—UNBALANCED ROTOR CURRENT STARTING. 


When the sections of an external resistor, connected in the 
rotor circuits, are short circuited in successive phases, unbalanced 
rotor currents will result. Such a medium of control used for 
starting purposes 1s termed unbalanced rotor current starting. 
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In general, motor starting in this manner results in a reduction 
in the number of resistor sections and control gear contacts for a 
similar performance as the balanced starting previously considered. 
There is no standard method of grading and cutting out resistance 
in this manner. Some schemes seem to be devised with the 
express purpose of reducing the number of control gear contacts 
for economic reasons. However, indiscriminate short circuiting of 
resistor sections without due recourse to design is liable to subject 
the motor to severe treatment. It can be stated (although some 
justification is required), that if the total resistances of each of the 
three rotor legs, bear to one another the relation of the geometric 
progression, the torque produced by the three unbalanced currents 
is the same as that produced under balanced conditions in which 
the three legs have the same resistance as the geometric mean ; 
thus, if R}, R, and R, are the resistance of the three unbalanced 
legs of the rotor circuit, then the torque produced will be the same 


as three balanced legs each of resistance 3R; xR, x Rs 


Further, if these three unbalanced legs are in G.P. with a 
constant ratio K, then 


_ R, = R, E R; 
LE ee de 
3 
whence, the geometric mean — VR, x = x = -a =R, 


where R, is the leg which has the intermediate ohmic value, 1.e., if 
three phases have ohmic values of 8, 4 and 2 ohms, then the 4 ohm 
leg has the intermediate ohmic value and is usually termed the 
"middle" leg. It will be appreciated, of course, that the middle" 
leg alters on every notch; this should become more evident as 
progress is made. 


Control Schemes. 


Schemes of control for four to eight Steps are shown in Fig. (7). 
The figures opposite the contactors for Shorting out the resistor 
sections indicate the order of closing and also the step on which 
they are closed. The first step or notch is represented by the 
switching on of the stator, the final step cutting out simultaneously 
the resistance remaining in two of the legs. Although unbalanced 
rotor currents of magnitude greater than the normal full-load 
current will occur during starting, there is little likelihood of damage 
due to overheating as they are changed round at every step. Again, 
whereas the starting time of the motor may be a minute or so (even 
seconds in some cases), the temperature-time constant of the 
machine will probably be of the order of several minutes, say at 
least 30 for even the smallest motor requiring rotor starting. ` 
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4 steps. 


| SSteps 


GStebs 


T Steps 


Fig. 7.—Control schemes for unbalanced rotor current starting 
g. 


& steps. 


43 
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Derivation of the General Equations—Neglecting Rotor Reactance. 


It is necessary to derive expressions so that the currents in 
each of the unbalanced rotor legs can be computed. For this 
purpose, it will be assumed that the rotor windings and external 
resistor are star connected as indicated in Fig. (8). 


Let V =Standstill rotor volts between sliprings. 
E =Standstill rotor volts per phase - V/V/3 - 
s  =Slip 


E, =Phase volts of phase 1=sE (1+ 70) (reference). 
E, =Phase volts of phase 2=sE (—0-5—7 4/3/2). 
E, =Phase volts of phase 3=sE (—0-5+/ 4/3/2) 


Fig. 8.—Pertaining to unbalanced rotor current starting. 


Where E,, E, and E, are vector quantities assuming counter 
clockwise phase rotation. 


Let R, =Total circuit resistance of phase 1. 
R, =Total circuit resistance of phase 2. 
R, =Total circuit resistance of phase 3. 
I,FI],, I,  -Respective values of instantaneous currents. 


Adopting the convention that e.m.fs and currents directed 
away from the neutral point are positive we have, 


E ESL HL R, (a) 
E.-E sl, Bel B, (b) 
E -E-l fiel R, (c) 


Applying Kirchoff's first law to the neutral point of the rotor 
winding, whence, 


I,+1,+1,=0 (d) 
Eliminating I, and I, from the above expressions to find I, 
BE. qo es og duin hd 


R, R, 
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E,—E, 
R. b R c from (c) 
0-I, TII, from (d) 
adding, 
E, —E, , E,—E, ( R R 
Li 5 =F D cu =I, 1 D D ) 
R, Hs ° R, R 
Whence, 
un E,—E, | E1—E3 
B R, R R, R 
R, (1+ nas) x, ( py 
. R R. UE ) 
_ E,—E, " E,—E, 
R, + R, + R, Ry R, + R, R, +R, 
F R, 
R, (E, - Eo) R, (E, - Ej) 


and 
I, (R, R, +R, R, +R, R;) = (R, +R,) E,-R,E,-R,E, (221) 
Likewise, 2 
I, (R, R,+R, R cR, R,) = (Ro +R,) E,-R, E,-R, E, (222 
Ë (R: R +R R, +R, R.J) = (RAR) ERE REL (223) 
Letting 
h, = (R, R,+R, R, +R, R,) and substituting for E,, E, and E 

in (2:21) we get, ing for E,, E, and E, 
I ke =(Ret R,).sE (1 +70) —R,.sE (—0-5 —74/3/2) —R,.sE 

—0:5 ] J 

dividing by sE and multiplying out (—0:5 +7/3/2) 


I, RÀ. . 
=E = (R, +R) +0:5 R,+74/3/2 R,+0:5 R, —j 3/2 R, 


sE 
3 . V3 
=> (R,+R, “~~ (RQ— 
2 (R, t Ry) +7 z (RR) 
sv 1 !8 3 | 
adh =g p | a RR ROR) | 
2-24 
Likewise, ; 
sV | 3 4/3 
lL = . — (R,+R,)+; — (R,— | 
V3 . 12 ( )*J (R, —R;) | 
(2-25) 
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l 
andy, = 1/3 mg; VS RR) ! 
V3 k | 2 2 J 

(2-26) 

Now equations (2-24), (2-25) and (2-26) are the vector forms of 


the currents I,, 1, and I, respectively, and the absolute values 
are :— 


2 


Lom. ER (R,+R,) LL -ra P] 


V3 Re 


3 
Eod ATE (R,242R, RARS + => 
V3 hk, 4 4 


(R—2R, Re+ R?) ] 


7 12 
Ei 1 [A Reg 1- R, R, + — m | 
4/3 Re 4 4 4 
sV 
b, 
Likewise 
sV 


I, = poc VIR R, R,+R,J (2-28) 


. /[R,2+ R, R, + R,?] (2-27) 


sV 
k 


VIR eR, RR, n 

An examination of equations (2-24), (2-25) and (2-26) will reveal 
that the currents are composed of in phase and quasi 
components. This is due to the shifting of the rotor electrica 
load neutral point, caused by the unbalanced rotor currents. 
Effectively, the rotor currents have been displaced from the 
rotating gap flux set up by the stator. The rotor currents which 
are effective in creating torque are those in phase with the flux. 
These currents are represented by the “real” parts of equations 
(2-24), (2-25) and (2-26) respectively. In the case of I, this can 
be demonstrated as follows :— 


Torque producing component of 


sV " " 
I, =—— . v[R.2+R, R,+R,2] . cos 0 


Where 0 is the angle of displacement 
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From equation (2-24), tan s. ( R,—R, ) 
V3 R; +R, 


now cos ro en ERN == m 
V1 + tan?0] V[11 RU ] 
3 | R,—R, | 
_ — BR 
V [| & «Rss + RR | 
"Therefore, 


Torque producing component of I, 


- 2 . VIR? +R: RR] 
eR 
R+ R, 
x r — - —— ——— — — 
vI (Re+ R)? + i (R,—R,)? | 
7 
- . IRL R, RRS 
R, +R, 
x 
4 > 4 40, 
V[$s5 imme $u 
sV 43 
= Re . 3 (R: + R;) (2-30) 
Likewise, torque producing components of 
sV 43 
I, = T (R, + R,) (2-31) 
V 3 
and I, = p XS (R,+R.) (2-39) 
" 2 


The set of equations (2-27), (2-28) and (2-29) enable the actual 
current per leg of the rotor circuits to be computed whilst (2-30), 
(2-31) and (2:32) give the torque producing components of these 
currents, if the slip s is known. 


The steady slip can be computed by comparing the total torque 
component of the rotor currents with that of a balanced rotor 
operating against a similar load torque. If I, is the steady rotor 
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current per phase under balanced conditions, then, from equations 
(2-30), (2-31) and (2-32) 


31, = Y VS R oR +R +E ARRI] 
3.I k 
whence, s= V 3T, : 


V R,-R,-«R, 


Resistor Legs in Geometric Progression. 


When the resistor legs are in G.P. the set of equations (2-27) to 
(2-32) can be simplified. If the common ratio of the G.P. is K 
and R,, R, and R, represent the highest, intermediate and lowest 
total ohmic resistance per leg respectively, then 


Further, if Ij, I, and I, represent the currents in R,, R, and 
R, respectively, from equation (2-27), 


sV ; =<» a/R + R, R, + Eu 
s R,2+R, R.-ResSV. S223 
p, VHS ty Ret iyies R,R, + RR, + R R, 


substituting in the above for R, and R,. 


2 R, R 
vI ag Eg OUS | 


n- 


sV 1 
L=V. —— — = —.— 
i R, R, R, [I + K + K3 
R, — +KR, +KR, R, 
K K 
(2-33) 

From (2-28), 

sV — š , vV{[R2+R, R,+R;J 
a AA Rye RB. Re RAs. Sa — ecd 
beg ^ VIR R: Rast R ]=sV RR + RR, + RR 


substituting for R, and R, 
R + Re 


V | K2R,2 + KR, = = 
K I 
SVs 


R,2 R, 1+ K + K2 
E34 Ré + KR 


_ SV y EF] 
R” 1+K+K? 


T sV y[K++K?+1] 


I, = 
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From (2-29) 


sV 2 7 VIR? + R R, + R4 
- 2 a R a , Mul pou T weg 
I, E VIR” +R, R+ R>] =s RR, + RR, + RR: 


substituting for R, and R, 


A/[K?R? + KR, R, + R?] sV  4[K* + K+ RK? 


Lasy a = š s. 
= +R, + KR? R, 1+K+I 


BV K 
R,  Vü-K-K3 (2-35) 


Rotor I?R Losses. 
If R, is the total rotor resistance per leg for balanced control 
and I, the current per leg, then 
g2V2 


Total rotor I?R losses 23I,? R, = R (2-36) 
For unbalanced control, 
Total rotor I?R losses =I, 2R; + I? R,+1I,, R, 
now, from equations (2-33), (2-34) and (2-35). 
L = sV 1 
1 R `, [l +K+K2J 
- E= 
` Ro 1+K+K? 
sV K 
and L, =—— . — n 
uni ae es Es 
Whence, upon substituting these in the above 
Total rotor I?R losses 
sj i 1—K +K? K? R, | 


RS [1+K+K? °° I«K«eE? 7 14+K+K?°°? | 


Substituting KR, for R, and Be for R, in the above 
< 


Total rotor I?R losses 
s2 V2 | K 1—K +K? K 


=- ` Rk, | TS = . ERU REC ONES Q 
Rè ` ° | I-K«-K? 1+K+K? 1+K+K? | 
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sv? Í 14+K+K | 
R, | 1+K+K? | 


IN (2-37) 
R, 


l 
[7] 
to 


Now for the same slip against similar load torques equations 
(2:36) and (2-37) should be equal, whence 


y2 va 
T NET: 


R, R, 
whence R, =R, (2-38) 


The conclusion to be drawn from this is as follows :—If the 
total resistances of each of the three legs in an unbalanced rotor 
resistor are in geometrical progression, the starting characteristics 
obtained are similar to those of a balanced rotor resistor provided 
the ohmic resistance per leg of the balanced resistor is equal to the 


resistance of the unbalanced leg with the intermediate amount of 
ohmic resistance. 


Unbalanced Rotor Current—Fffective Total Torque. 


From equations (2-30), (2-31) and (2-32), torque components of 
the unbalanced currents are :— 


sV 3 

L =. +R, 
sV 3 

L = . VŽ (+R) 
sV 3 

=p LN TEE 


Total torque component = I, +I, +I, 


sV ya 
aS (R,+R,+R,+R,+R,+ Ri) 
=sV ../3 (Ri + R, + R.) 


RR; RR, + RR, 


Substituting KR, for R, and = for R, in the above 
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(KR+R, + E, ) 
K 


Total torque component = 4/3sV 


Re Rs +KR, . Ry +KR, R, 
K - K aie 
(Ere) 
oM 3sV NS K? 
a ccn 
(4 q + 1 +K ) 
3sV 
= a (2:39) 
With balanced rotor current conditions, 


3sV y 3sV 
V3. R, R, 
Thus, from equations (2:39) and (2-40), for a balanced rotor resistor 
the three legs of which each have an ohmic resistance equal to the 


leg with the intermediate amount of ohmic resistance in the 
unbalanced rotor resistor, the torques are the same. 


Total torque component of current = 3I, = (2-40) 


Peak Torques. 


When notching up takes place on the controller, peak currents 
and torques will occur, just as in the case of the D.C. motor and 
balanced rotor current starting, previously considered. 


If the resistance of the "middle" leg is R, on notch x, then 


: V 
Torque component of steady current from equation (2-40) = A a 
on notch x. x 
On notch x--1 the resistance of the “middle” leg changes to 
/ 3sV 


x+1 


Rx, whence, torque component of steady current = ` 


But since the three legs of the resistor are in G.P., with constant 


ratio, say, K, then R. = whence. 


3sV 
R,/K 


Torque component of peak current = 
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M 3sV Rx 
R.K ` y 3sV 
These peak torques and rotor currents occur at the instant of 


notch up and are usually of short duration, decreasing in value as 
the motor speed increases. 


and the ratio of the peak/steady torque — K (2-41) 


Slip. 


For constant rotor current, the slip is directly proportional to 
the rotor ohmic resistance, so, if the resistance of the “middle” 
leg is R. on notch x, 


Slip « R, 


On notch x--1, the resistance of the “middle” leg is Rip 
But, since the legs are in G.P., with constant ratio, say, K, then: 


R. 
R... =— 
aan É 
and the ratio of the slips on notches x and x-+ 1 is ix = (2-42) 
x! IK 


Computation of K. 
For equal peak currents on all notches, including the first, 
nil/ — — 
JR 
K= V — 
Fm 


For equal peaks on all notches, excluding the first, 


R. 
K= VEN 


Ym 
Where, R, = Total resistance of the leg with the highest ohmic 
value. 
pa = Resistance per phase of the motor rotor winding only. 
n = Total number of resistor sections. 


It is convenient to base the calculations for an unbalanced 
rotor resistor on that of an equivalent balanced rotor. This 
connection is demonstrated in equation (2-38) which involves the 
use of R,, then, 


For equal peaks on all notches, including the first, 


nal 


Nick r n/ 
"7 R R, x K R, 
ke VERS Vya. jR 


7 m Fm 


(2-43) 


9 
I9» 
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For equal peaks on all notches, excluding the first, 


n-1 


. Y R "U Rox K R, l 
K= "e S = ^ (2-44) 


If 4 has to be decided, and it is desired to have equal peak 
currents on all notches, including the first, equation (2-43) is 
modified thus, 

For equal peak currents on all notches, including the first. x 


unknown, 
n/ 1 


K- V< 


"FL 


(2-45) 


Where s,, is the slip under normal full load conditions with 
the sliprings shorted. When K is thus calculated, R, can be found. 


Example 11. 

A 4-step unbalanced starting resistor is required for a 20 H.P. 
slipring induction motor. The equivalent of 100% rotor current 
must be passed on the first notch and equal rotor peak currents 
are required on the remainder. Standstill rotor volts between 
sliprings ^ 200, rotor full load current -48. Full load slip =5°%. 
ee 

48 x 4/3 

For the equivalent of 100% rotor current passing on the first 

notch, equation (2-38) and subsequent conclusion may be applied. 


Resistance of rotor rj, = =0-12 ohms per phase. 


200 
Whence R, 4——— —— =2-4 ohms. 
` A/3x48 


4-1 9.4 
From equation (2-44) K= y TED — 9.79 


From which the various resistance values are 
24 xK=6°5 
R, =2-4 
24 +K=0:883 
0-883 — K = 0-325 
0:325 —K =0-120 =7m 
From equations (2:33), (2-34) and (2:35), the steady rotor 
currents I, I, and I, on the first notch, assuming the motor to be 
starting against full load torque and consequently does not start are, 
From (2:33) 
sV 1 1 200 1 
R, J[-* KK] ` 24 ' /[1 42-724 2-722] 
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From (2-34) 


"RESI E E 
° R, i 1 + K + Ke? 
S (= £272 o. 
` 924 ` 1 + 2-72 + 9.792 |>2 amps 
From (2:35) 
sV K 


" =K 1,=2-72 x 25=68 amps. 


R, vi + K + KY 

On the second notch, the steady slip would be 1/K =0-368, and 
on the third notch 0-368/K =0-135, etc. Upon working out the 
steady values of the currents as above, using the appropriate value 
of slip, the magnitudes of the currents will be found to be the 
same as above. These currents will alternate from section to 
section, lowest, intermediate and higher value of current obtaining 
on the highest, intermediate and lowest ohmic value 


x legs 
respectively. 


From equation (2-39) the total value of the torque component 
of rotor current - 4/3. sV/R.. Substituting the values obtaining 
on the first notch, whence 


Total torque component of rotor current — VY 


=144 amps. 


The total torque component of current for balanced rotor 
starting =3 x 48 =144 amps. 


The total torque component of the unbalanced rotor currents 
is therefore correct, the assumption being that the motor is starting 
against full load torque. This total torque component can be 
worked out from the conditions obtaining on any notch, provided 
the appropriate values of the slip and R, are used. 


For the sake of completeness, and in order to illustrate fully the 
working, all the necessary details are tabulated and appended 


below. The rotor legs are nominated D, E and F. 
'TorAL RESISTANCE Rotor STEADY 
Roron Crrcuit/Lec CURRENTS Rotor | Total Torque j 
Notch 1 - - Peak | Component of | 
No D | E | F D | E | 1 Current | Rotor Current | Slip | 
| 
1 65 24 | 0-88 25 | 595 |68 | K times 144 1 
l 
2 0:325 | 24 | 0-88 68 | 25 59:5 steady 144 0:368 
| | | 
3 0:325 0:12=r, | 9:88 59:5 | 68 | 25 currents 144 0:135 
3 rn = 012 [fg 7012 | 7,7012 48 | 48 | 48 | 144 0-05 
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Example 12, 

An unbalanced starting resistor is required for a 50 H.P. slipring 
induction motor, the rotor peak currents being restricted to 175% 
of the rotor steady currents. What are the values of the total 
resistance per leg and steady rotor currents? Standstill rotor 
volts between sliprings 2400, full load rotor current - 60 amps. 
Full load slip -59$. Assume the motor to be starting against 
full load torque. 


This is a case of equal rotor peak currents on all notches. 
0-05 " 400 
60 y 3 


Resistance of rotor 7m = —0-192 ohms per phase. 


7.3 71 
Fr ation (2.45) K = VEN 75- y 
rom equation (2.45) K "Á i.e., 1:75 0-05 
whence 7:25:35. 


Taking the next highest integer, n=6, modified value of K = 


g 1 
gog =1648 


The equivalent value of R, to pass 1:848 times full load current 
with a balanced rotor current on the first notch, from equation 
(2:38), is 


400 
| —Á— fl 
sel 8xgUApg 495 coms 


From which the total values of the resistance are 
R, xK =3-84 
R, =2:34 
2:34 —K =1-42 
142 —K =0-864 
0-864 —K =0-524 
0.524 —K =0-318 
0-318—K -0:192-27 


Nominating the legs by D, E, F, the resistance values on the 
various notches are :— 


Notch D E F 
1 3-84 2-34 1:42 
9 0-864 2-34 1-42 
3 0-864 0-524 1-42 
4 0-864 0-524 0-318 
5 0:192 =7m 0-524 0-318 
6 0:192 =7m 0-192 2 rg 0:192 — 
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Based on the conditions obtaining on notch 1, s = - = 0-606 


‘648 
V 1 
R, ` VJf{l+hk +k?! 


Steady value of rotor current in D leg =s 


_ 0:606 x 400 " 1 7 
2:34 V/ LI + 1-648 + 1-648?) 
Steady value of rotor current in E leg 


Lai Dryn 0-606 x 400 
1 | 934 


K + Ke 
v[ 1 —1-648 + 1-648? ] - 
x —— [2606453 amps 
1 + 1:648 + 1:648? 
Steady value of rotor current in F leg=K xD leg current = 


1-648 x 44-8 =74 amps. 

Total torque component of the unbalanced rotor currents 
based on conditions obtaining on notch 1, 

From equation (2-39) total torque component of rotor currents — 


sf — ag awe = 


3 AU 


44:5 amps 


=180 amps 


For balanced rotor currents, total torque component of current 
=3 x60 =180 amps. 
A good check can be made by taking the geometric mean of the 
three unbalanced currents. In the case above. 
Geometric mean —?4/44-8 x 64-3 x 74 2 59:8 amps 


which agrees fairlv well with the full load balanced rotor current 
per phase of 60 amps. 


The values of the steady leg currents alternate from section to 
section, their magnitudes being 44-8, 64-3 and 74 amps. The 
peak values of these currents are 1-648 x steady values and the 
values of the steady slips on notches 1 to 6 are 0-606, 0-368, 0:223, 
0-136, 0-0824 and 0-05 respectively. 


Use of Relative Steady Rotor Currents. 


sV 1 
R, W[l+K + K} 


and L ER, =s.V. — l 
vil + K + KJ 


From equation (2-33), L, = 


g 
N 
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Now R,=KR,, so that, 
K 


Volts drop across leg 1 2I,R, 2I,KR,-s.V. VIL K+ KY 


Likewise, from equation (2:34), 
1—K +K? 
Volts drop across leg 2 = I,R, =s.V. d [ | 
j j SECUN l+ K+ K 
and, from equation (2:35), 
1 
Volts drop across leg 32 IR, =I,R,/K =s.V. —————————— 
T i 8 97779598 canta > VIl + K + K3 
If these volts drops are plotted as ordinate against K as absissca, 
graphs are obtained relating the volts drop per leg and K. 


For the purpose of drawing these graphs, V, the standstill rotor 
volts between slipring is assumed, a value of 10C volts being 
convenient. Thus, for a particular value of K, V is read from the 
graph and the relative steady rotor current is 
. V relative (from graph) 


I relative — - 
ohmic value of leg 


From which, 
= True value of current =f x s.I relative 


Actual Standstill rotor volts between sliprings 


rh ‘is the ratio 
where / 1s the 100 


and s the slip. 


The graphs of the volts drop will converge at a value of 100/4/3 
on the ordinate at K =1. 


The use of these graphs greatly relieves the calculations of the 
steady rotor currents, but care should be taken to ensure that the 
correct curve is used, namely, 


The uppermost curve corresponds to the leg with the highest 
ohmic value. 


The centre curve corresponds to the leg with the intermediate 
ohmic value. 


The lower curve corresponds to the leg with the lowest ohmic 
value. 
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SECTION 3—PRIMARY RESISTOR STARTERS. 
Squirrel Cage Motors. 


The squirrel cage motor is essentially the same as the slipring 
motor, but whereas the rotor windings of the slipring motor are 
brought out to three external sliprings, those of the squirrel cage 
motor are permanently connected by endrings, one at each end of 
the rotor. In effect, the rotor is isolated from any external 
connections. The rotor winding itself consists of heavy copper 
or brass bars, located in slots around the periphery of the rotor 
core. These bars are then all connected together by means oí the 
above mentioned endrings. A squirrel cage motor is bv virtue 
of its construction, cheaper and more robust than its slipring 
counterpart. These two assets are, however, offset by the fact 
that no direct connection can be made to the rotor to alter its 
characteristics. Four main methods are available for starting, 
viz. :— 


(1) Direct Starting. 


This method consists in applying the mains voltage directly 
to the stator windings, resulting in starting currents of the order 
of six to eight times full-load current. On account of this, this 
method is usually restricted to small motors of about 2 to 3 H.P. 
Special cases do exist where cage motors of 30 H.P., or more, are 
started in this manner, usually in mining machinery where com- 
plicated starting gear is both undesirable and vulnerable. 


(2) Star/Delta Starting. 


If the stator winding of the motor is delta connected for normal 
operation, a reduced stator voltage can be effected by connecting 
instar. This is a comparatively simple means of starting and one 
that is much used. At start, the stator windings are star connected 
and when the motor has run up to speed, the connections are 
changed to delta. The changeover from star/delta is accomplished 
by means of a special switch, which is usually fitted with mechanical 
inter-locks to ensure that the transition is rapidly made. 


(3) Transformer Starting. 

By this means various voltages can be applied to the stator 
windings to suit the starting conditions. Since the range of 
normal voltage reduction is comparatively small, auto-transformers 
are generally used. 


(4) Primary Resistor Starting. 


In this method the starting current is reduced by inserting 
external resistance in the stator windings. 
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This is shown schematically in Fig. (9). 


2QanT - " n 
Now HB ar Where n —r.p.m. and T=torque lbs. ft. 
If P4 ^ Mechanical power developed in watts by the rotor at a 
P 2mnT 
d n r.p.m. the == 
speed z r.p n 746 33,000 
` E «33 Pa Ë 
Whence, T eg Et. where k, 99900 
2zn x 746 n 27 x 746 
Now, from equation (2-8), section 2 (a), Pa =P, (1 =s) 
Whence T=A, . pails) | 
n | 
P, (1—s) 
- ¿ one Where 7, =Synchronous speed of the 
ny (1—s) rotor. 
P, 
=k; = 
4 


Fig. 9.—Primary starting resistor. 


60 GRADING OF METALLIC STARTING RESISTORS 


The torque is thus directly proportional to the rotor power 
input P,. If the units of torque be taken as SYNCHRONOUS WATTS 
instead of the usual force x radius measure, then 


T=P, SYNCHRONOUS WATTS (3-1) 
The definition of the synchronous watt is that torque which 


would develop a power of 1 watt at the synchronous speed of the 
machine. 


The utility of this unit lies in the fact that it involves the 
synchronous speed of the motor, which is a definite and known 
quantity. 


From equation (2-9), section 2(a) 
Rotor copper loss 
ü slip 
=h R75 
Where I, =rotor current/phase. 
R, =resistance of the rotor circuits per phase 


P, 


s =fractional slip. 
Then, from (3:1), the torque in synchronous watts/phase 
T=l R 


Since it is necessary to obtain the starting torque in terms of 
the stator quantities, I, and R, will have to be “reférred 
quantities. Now, the stator current is composed of two vectors, 
the rotor current and the magnetising current added vectorily. 
Assuming that I,! 20-9 I}, where I! is the rotor current referred to 
the stator, and letting the referred resistance of the rotor currents 
=R}! then, 

T=(0-9 I)? R,!/s 20-81 I? R}! synchronous watts. 

Thus, normal full load torque Tp, 20-81 Ip? R,!/s,, —AI4?/ss, (3:2) 
Where I,, and s,, are the normal full load stator current and slip 
respectively. 


If the stator current at starting is Ise, then the starting torque 


T;=AI,.? since the slip=1 (3-3) 
Thus, the ratio of starting to full load torque 
2 
PI. Le 


RI? Sn = (4S ) s= 


For a motor with a short circuit current of six times full load, 
and a normal full load slip of five per cent., then the starting 
torque = 


(3-4) 


( $ ) 0408 — 148 times full Toad. 
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Star/Delta Starting Torque. 


^ 


For the above motor, I; = times full load current, assum- 


4 
ing the short circuit current to be directly proportional to the 
applied voltage. 

Whence, the ratio of starting torque to full load torque = 


2 


( Š ) «605-06 
V3 


Primary Resistor. 


Let V = Applied voltage/phase. 
Ve = Voltage at the motor terminals. 
Ve = Volts drop across external resistance. 
Re = External resistance per phase. 
fse = Total resistance per phase of stator and rotor 


in terms of stator quantities. 


Keo = Total reactance per phase of stator and rotor 
in terms of stator quantities. 
Zee = Total impedance per phase of stator and rotor 


in terms of stator quantities. 
Lise = Starting current per phase. 
cos sc = Short circuit power factor. 
Then Zse= V[rsc? + Xsce2] 
With an external resistance R, inserted in the stator phases 
Zsc— VER, + Isc)? Ns c?] 
and 
V 


T VIG 7)? + xs] 


R -y EG. )=s Jt (3-6) 


Isc 


whence 


9 V. Ars 24 4 2] 
V. =I. Vst tX] = eds 3.7 
T se- V["sc sc] VIR, + Fac)? + 8] (3:7) 
V, —LhOxR.— = (3:8) 


V (Re rac)? + xsc2] 


The set of equations (3-5) to (3:8) enable the starting current, 
etc., to be determined. Unfortunately, the values of the total 
reactance and resistance of the motor referred to the stator, will 
not be known in most cases. The value of the primary resistance 
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then involves the assumption of various quantities. These 
assumptions, provided they are made on a reasonable basis, should 
not introduce any serious defects. 


Example 13. 


A 5 H.P., 400 volts, 3 phase motor has a full load efficiency and 
power factor of 83% and 0-85 respectively. What would be the 
value of the external resistor to reduce the starting current to 23 
times full load? Power factor on short circuit — 0:45 and the 
short circuit current is 5 times full load. 


5 x 746 
4/3 x 400 x 0-83 x 0-85 
Assuming the stator to be star connected :— 
Total short circuit impedance per phase, 


Tull load current of motor = —7:63 amps line 


Zse = ——— = 6-06 ohms 
/3 x 7-63 x 5 


Total resistance per phase = 6-06 x cos és = 6:06 x 0-45 = 2-72 ohms 
Total reactance per phase = 6:06 x sin se = 6-06 . 4/ [1 — cos°Jsc] 

= 5-42 ohms 
Applying equation (3-6) 


Re = V[ ( id ) -xs | — sc 
Tsë 
V [ [s ) -sa | -272 
3 x 7:63 x2:5 


= 8:12 ohms. 
Assuming the full load slip to be 5%, then the ratio of the 


t v 


ll 


25 X AE 
starting to full load torque — ( ow ) x 0-05 20-313 


The computation of the necessary external resistance in the 
above example did not present any difficulties because all the 
necessary information was given. In cases where no information 
is available, the following may be taken as a rough guide for 400 
volt, 3 phase, 50 cycle, squirrel cage induction motors. 


Approximate Starting Current as a. Percentage 


H.P. of Motor of Full Load Current at Full Voltage 
1/5 600 
6/10 650/750 
11/20 700/850 


21/40 700/900 
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In general, the short circuit power factor for similar motors 
will vary from about 0-6 to 0-2, for the 1 to 40 H.P. motors 
respectively. It must be stressed, however, that these values 
are only intended as a rough guide for normal squirrel cage motors. 


Delta Connected Stator. 


The value of the external resistance R, can be evaluated by 
equation (3-6) provided that rse and xs. are calculated on the 
assumption that the stator is star connected. 


Example 14. : | 


What would be the external resistance required to limit the 
starting current to 3 xfull load for a 40 H.P., 400 volt, 50 cycle 
squirrel cage motor with a delta connected stator ? 


For a motor of this size, the full efficiency and power factor 
would be about 89% and 0-9 respectively. 
40 x 746 
/3 x 400 x 0-89 x 0-9 


= 54 amps, say 


Whence, full load line current = 


Assuming :—Short circuit current = 9 times full load. 
Short circuit power factor = 0-2. 


On the assumed basis of a star connected stator, 


400 
Zso = J3 x54 x9 = 0-475 ohms. 
Tse = 0-475 x cos dsc = 0-095 ohms. 
X. = 475 xsin ó,. = 0-475. A/[1 —cos*d,.) = 0-466 ohms. 


Apply equation (3-6). 


Ia = V | Cal -a | — sc 


400 ? 
syfi me: ) - 0-466" | — 0-095 
(= = x94 x3 


= 1-255 ohms. 


Assuming the full load slip =3/ yo, then the ratio of the starting 


to" full load torque = ( > ) x 0-03 =0:27 
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Comment on Starting Torques. 


From the foregoing, it is evident that whilst starting currents 
can be reduced by reducing the voltage applied to the motor 
terminals, the starting torques obtained are comparatively poor. 
On the whole, this method of starting only finds applications 
where the starting torques required are 50% or less. By far the 
greater number of these are accomplished by Star/Delta or auto- 
transformer starting, primary resistor starting being but rarely 
used. 
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TABLE 1. 


AVERAGE CHARACTERISTIC CURVES OF SERIES AND 


COMPOUND D.C. MOTORS. 
CO-ORDINATES OF POINTS. 


Armature Current 


| Back E.M.F. as A PERCENTAGE OF LINE VOLTS 


as a Percentage of | Compound Motor. | Compound Motor. 
Full Load | 80% Series, 20% | 20% Series, 80^, 
Armature Current | Series Motor, Shunt Ampere Shunt Ampere 
j Turns I Turns 
0 i 0 ! 30:6 87 
10 12 44 88 
20 30 54 89:5 
30 45 62-5 90-5 
40 58 69 91 
| 50 67 | 74:6 91:5 
60 74 80 92 
70 79 83-5 93 
80 84 87 93-5 
90 88 90 94:5 
100 91 93 95 
120 96 97-5 96:5 
140 100 101:5 98 
160 102-5 104-5 99 
| 180 104 106-5 100 
200 Í 105 108 101:5 ' 
220 106 109-5 102-5 


240 106-5 110-5 103-5 


The above characteristics are based on the following assumptions 


regarding the resistance of the motors. 


SERIES MOTOR. 


P 0-09 x V 
" Full Load Current 


COMPOUND MOTOR—-80% Series, 20% Shunt Ampere Turns. 


0:07 x V 
Full Load Current 


Pm = 


COMPOUND MOTOR—20%, Series, 80% Shunt Ampere Turns. 


: 0:05 x V 
"^ Full Load'Current 
Where :— zm resistance of motor, ohms. 


V =Line voltage. 
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RESISTANCE OF MOTOR WINDINGS, 


The ohmic resistance of motor windings play a prominent part 
in starting resistor computations. 

In the case of the A.C. slipring motor, the rotor loss, from 
equation (2:6) is P, =3s E, I, . cos é, 

When the motor is running under normal full load conditions, 
with the sliprings short circuited, then 3I,? 7m=3s E, I, . cos do. 
Under these conditions, cos $,-—1, from which the resistance of the 


SE, 


motor windings per phase z, = 
Where, s = Normal full load slip. 

E, = Rotor induced e.m.f. per phase at standstill. 

I, = Normal full load rotor current per phase. 

It should be noted that the term sE, is the voltage per phase 
required to circulate full load current in the rotor windings with 
the sliprings short circuited. 

The armature resistance of D.C. machines can be expressed in 
a similar manner. In the case of the D.C. motor : 

. V=E, +], ña 
Where, V =Line volts. 
E, = Back e.m-f. 
I. =Armature current. 
pa = Resistance of armature windings. 
V—E, 


Thus, ‘m= 
I, 


Now, if the back e.m.f. under normal full load conditions is 
expressed as a percentage of the terminal volts V, 


TY (1-1) V 
I, 100 / I, 
the normal full load current of the armature. 
For the average D.C. motor, values of f are :— 
Shunt: /=95%, whence rj —0-05 x V/I, 
Series: f=91%, whence 7m=0-09 x V/T, 


Then, Za = Where I, corresponds to 


COMPOUND. 
80% Series, 20% Shunt Ampere turns: f =93%, whence 
Zm = 0:07 x V/I, 
20% Series, 80% Shunt Ampere turns: f=95%, whence 
Fm = 0:05 x V/I, 
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